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Summary. The effect of assortative mating on the
genetic correlation between traits X and Y is con-
sidered. Assortation on trait X changes the magnitude
of the genetic correlation but not its sign. There are
two situations depending on the signs of the correlation
between mates (0) and of the random mating genetic
correlation (0): 1) if sign (6) =sign (o), then §> 6,
where § is the genetic correlation at equilibrium after
continued assortation, and 2) if sign () # sign (@), then
§ < 6. However, negative assortative mating is virtually
powerless to alter the magnitude of the genetic correla-
tion. The consequences of a “mixed” assortation model,
e.g., high milk production females mated to fast
growing males and lesser productive females mated to
slower growing sires, were also studied. “Mixed” posi-
tive assortation always increases the genetic correla-
tion, but negative assortation decreases it. The implica-
tions of assortative mating on correlated responses to
selection and on the equilibrium covariances between
relatives for pairs of traits are discussed.
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Introduction

When the individuals in a mating pair are phenotypi-
cally more similar or dissimilar than what they would
otherwise be if the pairs were chosen at random from a
population, it is said that the mating is assortative. If
the phenotypic value of both mates deviates from the
mean of the population in the same direction, mating
is positive assortative; if the deviation of one of the
mates is positive and the other is negative, mating is

negative assortative.

Jennings (1916) and Wentworth and Remick (1916) stud-
ied the consequences of assortative mating for a single locus,
two alleles, model. Assortative mating under polygenic in-
heritance was considered by Fisher (1918), Wright (1921),

Crow and Felsenstein (1968), Bulmer (1980) and several other
authors. In a multifactorial model, assortative mating has
limited impact on heterozygosity unless the correlation be-
tween the phenotypes of mates is nearly unity and the number
of loci is small (Lush 1948; Crow and Felsenstein 1968). Also,
positive assortative mating substantially increases the genetic
variance, particularly if the trait is highly heritable (e.g.
Bulmer 1980). The approach to equilibrium, both in terms of
heterozygosity and genetic variance, is rapid, with most of the
increase in variance occurring in the first two generations after
assortation starts. Reeve (1953, 1961) considered the estima-
tion of the genetic correlation from offspring-parent co-
variances when parents were mated assortatively. Latter
(1965) derived the covariance between half-sibs and the effects
of genotype x environment interaction on the covariance be-
tween traits of Phalaris tuberosa under assortative mating.

Several artificial breeding companies in the USA offer
“corrective mating programs”. These consist of choosing a
bull mate on the basis of the attributes of individual cows.
“Corrective” mating involves negative assortation, i.e., mating
bulls that excel in some trait in which the cows are deficient.
Dishman et al. (1981) presented data suggesting that negative
assortative mating is widely practiced in the US dairy in-
dustry. It is, therefore, important to take into account the
effect of assortative mating on estimation of genetic param-
eters and sire evaluation programs. Otherwise, estimates of
heritabilities and genetic correlations would be biased, and
the prediction error variance of sire evaluation by progeny test
would be unnecessarily large.

This paper describes the effect of assortative mat-
ing on the genetic correlation between traits and the
equilibrium covariance between full-sibs, half-sibs,
offspring-parent and grandoffspring-grandparents for
pairs of traits. These covariances are those usually
employed to estimate genetic parameters in animal
breeding applications. The expressions for the equili-
brium covariances would permit taking into account
assortative mating in genetic evaluation models.

Assortative Mating and the Genetic Correlation
Conventional Assortation Model

Assortative mating is practiced for a trait X and the
correlation between mates is o. The models describing
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the relationship between the additive genotypic values
of an offspring (Ax, Ay; Y is another trait) and those
of his parents (A;Sé, A§, AR, A?) are

AR=2AX+3 AR+ ex, (1)
AY=2AS+3 AP +ey, (2)
where ex ~ (O, Var§/2) and ey ~ (O, VarX/2) are
random segregation residuals with Cov (ex,ev) =
CovX¥/2, where CovXY¥ is the additive genetic co-

variance under random mating. Equations (1) and (2)
permit to write the recursive relationship

1 Xy , 1 S AD
Covipen = 5 Covagy + 7 Cov (Ax, Ay)
1 D A8 , 1 XY

+ T Cov (Ax, Ay) + ol Covy ', (3)

where Covi is the additive genetic covariance at time
t. Under multivariate normality, one can consider the
conditional expectations of the genotypic values given
the X-values (Bulmer 1980) and write

Cov(A%, AD) = Cov[hiw (X® — 1x), b hxw hyw
- oxiy oy (XP= px)]
= Coviln 0 hxn = Cov(AR, AY), (4

where hZ and hi are the heritabilities of X and Y,
respectively, at time ft; oxw and o are phenotypic
variances at time t, 6, is the genetic correlation at time
t,and ux = E(X%) = E(XP). Hence, (3) becomes

XY 1 XY 2 1 XY
Covigten =3 Covaw (1 + 0 hxy) +3 Covy . (5)
At equilibrium, Coviey = Covilg = CovaY, and re-

arranging (5), one obtains

(7':

Vark Var¥ | V2
0 ( ary arA) ()

1 —ho \Vari Var

where # and  are the equilibrium and random mating
genetic correlations, A% is the equilibrium heritability of
X, and Vark, VX are the equilibrium additive genetic
variances of X and Y, respectively.

The steady-state equations for the genetic variances
of X and Y can be obtained in a similar manner with

VX
V—%= 1 —ohf. (7)
and
VY
vg—zl“gﬁ?(gg (8)

Equation (7) illustrates the well known result (Crow
and Felsenstein 1968) that positive assortative mating
(0> 0) increases the genetic variance: as ¢ and hj
increase, so does the ratio V3/Vi. Note from (8) that
positive assortative mating also increases the genetic
variance of a correlated trait (Y) to an extent depend-
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ing on the magnitude of 0. The equilibrium heritabili-

ties can be obtained by taking the total variances of X

and Y in a random mating population as 1. Then

hE=Vary/(Vark + 1 —h%) can be used in (7) with

VX=hi to solve a quadratic equation on A% (Bulmer

1980). Its positive root is

SO Sl U 7 (Ut ) )
2(l-9

Likewise, the equilibrium genetic variance of the

correlated trait Y would be

2hE—1+[1—4002h3(1 — h]V?
2(1—06?
and h¥ = Varl/(Varl + 1 — h¥). Note that (10) depends

on (), the equilibrium genetic correlation.
Using (7) and (2) Eq. (6) can be written as

) | —oR2 422
0=0(———95X20)
I—Qﬁx

Varl =

(10)

(11)

which indicates that assortation for X changes the
magnitude of the genetic correlation between X and
Y but cannot change its sign. Equation (11) can be
solved explicitly for  as

o 1
i Sen e "

yielding the following conditions:

1) If¢>0and o> 0, then§ > 0;
2) If0>0and ¢ <0, then § < 8;
3) If 0 <0and o> 0, then § < 8; and
4) If 0 < 0and o <0, then > 6.

Values of § for selected combinations of 6, ¢ and
hg are presented in Table 1. Negative assortative mat-
ing is virtually powerless to alter the magnitude of the
genetic correlation, even when the absolute value of the
random mating genetic correlation is large or when the
trait for which assortation is practiced (X) is highly
heritable. On the other hand, strong positive assorta-
tive mating can have a marked effect on the genetic
correlation, particularly if the heritability of X is large.
This could be useful in animal improvement programs.
In swine, for example, backfat thickness and amount of
lean in the carcass are negatively genetically correlated,
i.e., selection against high backfat results in leaner
carcass. Positive assortative mating for backfat would
increase the genetic variance of backfat thickness and
of amount of lean, and would make the genetic
correlation between the two more strongly negative.
Hence, selection against backfat with positive assorta-
tive mating of parents would be expected to yield a
larger correlated response in lean cuts than if assorta-
tion were not practiced. The expected correlated re-
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Table 1. Values of the equilibrium genetic correlation under
assortative mating for trait X for selected combinations of the
random mating genetic correlation (6), the correlation be-
tween mates () and the heritability of X (h2)

hi

0 0 0.05 0.20 0.40 0.60
- 0.6 - 1.0 -0.59 -057 -—-054 -052
0.4 -060 -—-062 —0.64 —0.66

0.8 -061 -—-064 —-071 —0.78

-04 - 10 -039 -037 -03 -034
0.4 -040 ~042 —-043 —045

0.8 -041 -—-044 —050 —0.59

-0.2 - 10 -020 -019 -—017 —0.16
0.4 -020 -021 -022 -—-023

0.8 -020 -022 -—-026 —-032

0.2 - 1.0 0.20 0.19 0.17 0.16
0.4 0.20 0.21 0.22 0.23

0.8 0.20 0.22 0.26 0.32

0.4 - 10 0.39 0.37 0.35 0.34
0.4 0.40 0.42 0.43 0.45

0.8 041 0.44 0.50 0.59

0.6 - 10 0.59 0.57 0.54 0.52
0.4 0.60 0.62 0.64 0.66

0.8 0.61 0.64 0.71 0.78

sponse of a trait Y to selection for a trait X under
assortative mating can be expressed relative to the
expected correlated response under random mating of
parents as

AGyx (Assortative) 0

4Gy x (Random) 7
sy

( Var] )”2 fix
Var} hx
l 2

[1—ohg(1—6%](1-oh% 8> |

. (13)

In the case of backfat (X) and amount of lean (Y) we
can take hf=.50, and 6= — .80 (Jensen etal. 1967).
Assuming ¢ = .80, one obtains fl)z( =.691, and 6= — .89.
Hence, (13) becomes

AGy.x (Assortative)/4Gy x (Random) = 1.75,

i.e., the correlated response in amount of lean in the
carcass can be increased by about 75% by positively
assorting parents on the basis of their backfat thickness
measurements. Likewise, if two traits have a positive,
favorable genetic correlation such as milk yield and
protein yield per lactation, positive assortative mating
of parents for milk yield in a selection program for this
trait would enhance the correlated response in protein
yield. If X and Y have a positive or negative unfavor-
able genetic correlation such as growth rate and calving
difficulty or milk yield and fat test, negative assortative
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mating of parents would reduce the absolute value of
the genetic correlation to a limited extent (Table 1) but
would decrease the genetic variance (Eqs. 7, 8).

Positive assortation on X would increase the genetic
variance of Y more than direct assortation on Y if
VY VY
5% < Vi— , (14)

where V} is the equilibrium genetic variance of Y
when positive assortation is for Y. Assuming that the
marital correlation is the same under both systems, the
inequality in (14) can be written as

1 —ohg0°<1-oh%, (15)

where B% is the equilibrium heritability of Y under
direct assortation for Y. Equivalently, (14) implies

hi/hé < 0? (16)

indicating, in general, that positive assortation for a
highly correlated trait of high heritability (X) would
be more effective in increasing the genetic variance of
Y than positive assortation on Y itself. For example,
suppose birth weight (X) and “health status” at wean-
ing (Y) in sheep have parameters hi =.25, h§=.05
and 6= .40 in a random mating population. If parents
are positively assorted on their birth weights with
0=.8, then h = .31 and § = 45. On the other hand, if
parents are assorted on their “health status” scores,
h#=.052 and §= 41. Since .052/.31 < (.45)?, response
to selection for “health”score would be larger if parents
are assorted positively for birth weight than if they are
assorted on “health” scores themselves. Positive assor-
tation for “health” scores would yield a larger response
than no assortation at all.

Mixed Assortation Model

Mating pairs are assorted such that the correlation
between the phenotypic values of traits X in the males,
say, and Y in the females, is o*. This type of assortative
mating arises when complementarity is to be obtained
in the offspring, e.g., high milk production females are
mated to fast growing males. It can also arise with sex
limited traits: females of high ovulation rate mated to
males of large scrotal circumference. The models de-
scribing the relationship between the additive geno-
typic values of an offspring and those of his parents are
asin (1) and (2). '
For the X-variate

Varie+n =3 Varky +5 Cov(AR, AR) +3 Varx.  (17)

Now, in the conditional distribution under multivariate
normality, write
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Cov (A%, AR) = Cov[hgw (X5 — ux),
0w hxq hyw ox o%@ (Y2 — py)]
= Oy hxey hy 0* Varky . (18)
Hence,

Var§(1+1) = % Varffm (1 + Oy hx hy 0%) + ';- Varff (19)

and, at equilibrium
Var7,§

—QVarfg =]- 0‘ flx fly Q* (20)

If sign (f) =sign(o*), then Vark > Vark; otherwise,
Vars > Varx.
Similarly,

VarX(tﬂ, = %VarX(t) 1+ O hxe hY(t) %) + % VarX, 2n
with the steady-state equation being

VarX
Vars

=1 - 0hx hy ¢*. (22)

A comparison of (20) and (21) indicates that this mixed
assortation model elicits the same relative change in
the genetic variances of X and Y.

The recursive relationship for the additive genetic
covariance is

Covirn =3 Covigy

+1[Cov(AR, AD) + Cov(AR, A})]

+4 Covi'. (23)
In the conditional distribution of the multivariate
normal model
Cov(AR, AY) = Cov[hiw (X® — ux), hiw (Y° — 1y)]

= hkw hi €* ox ovm » (24)

and
Cov (AY, AR) = 0f% hiw h¥w 0* oxv ove- (25)
Using (24) and (25) in Eq. (23) we can write, after

some algebra

0F + 1
XY 1 XY 1 (t)
Covag+y =% Cova | | + 3 0* hxe hy (—‘

)
+1 CoviY. (26)

At equilibrium

O(Var Varf)2 11 — 2 o*hx le( . )

g
=#(Vary Vary)"%,  27)

which, using (20) and (22), can be rewritten as

0—3 by o* (2 + 1) = 0(1 — O fix fiy 0%), 28)
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and note that § = 6 only if p* = 0. Letting k = hy hy o*,
(28) can be rearranged as a quadratic equation on §

k\ - ok
(7) =140k 0+—+0=0, (29)

which has two distinct real roots as

A—(1+0k)2—45 £+9
B 212

=1+l —1)

is always positive. This is so because 4 > 0 implies

7 > (k* — 1)/k?, which is always true because |k|< 1.

The two roots of (29) are

- 11/ 1

f= +—il- P — 1. 30
0+ O+ (30)

This expression is not explicit in § because k depends

on hx and hy which, in turn, depend on § (Egs. 20, 22).

However, we have the following cases:

1) Mixed Positive Assortation (¢*>0) Always In-
creases the Genetic Correlation
To prove this, consider the statement § < 6. From (30)
this is equivalent to proving that k= + (¢ + k-2—1)"*
<0, and k' —(¢* + k2 — )"? < 0. The first expression
can never be true as with ¢* > 0, k™' is positive, and
k™ —1 1is also positive. The second statement with
¢* > 0, would be equivalent to 6* > 1, which can never
be true. Hence, if o* > 0, § < 0 is false. Therefore, if
o* > 0, the genetic correlation is always increased.

2) Mixed Negative Assortation (o* <0) Always De-
creases the Genetic Correlation
Consider > 6. From (30) this would be equivalent to
KT +(@+k2— 12> 0, and k(2 + k22— 1)*2> 0.
The first expression can be written as

(0 + k2~ V%> — k-

implying 62> 1, which is never true. Likewise, the
second statement implies k! > (62 + k=2 — 1)¥2, which
can never be true as with ¢* <0, k= < 0. Hence, if
0* <0, the statement §> @ is false and the genetic
correlation is always reduced.

In summary, mixed positive assortation (g* > 0)
would be indicated for traits with favorable positive
genetic correlations, e.g., growth rate and amount of
lean tissue in the carcass in beef cattle, or for traits
with unfavourable negative genetic correlations such as
milk yield and protein percentage. On the other hand,
mixed negative assortation could be useful to reduce
unfavorable positive genetic correlations (growth rate
and feed intake) or to enhance negative favorable
negative genetic correlations such as backfat thickness
and feed efficiency. Equations (20) and (22) indicate,
however, that positive mixed assortation will decrease
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the additive genetic variance of the traits in question if
the genetic correlation between them is negative. Simi-
larly, negative mixed assortation will decrease the
genetic variance if the genetic correlation is positive.

Covariances Between Relatives

Several authors (e.g., Fisher 1918; Bulmer 1980) de-
rived the correlation between relatives for a trait under
assortative mating. Reeve (1953, 1961) obtained off-
spring-parent covariances for pairs of traits, and Latter
(1965) presented the correlation between half-sibs. In
this section, we consider full-sibs, half-sibs, offspring-
parent and grandoffspring-grandparent covariances as
these are the ones usually utilized in animal breeding
for estimation of genetic parameters. The basic as-
sumptions involve a population in equilibrium after
repeated assortative mating and those of Bulmer’s
(1980) infinitesimal model, i.e., that contributions of
the dominance and environmental components to the
covariance between relatives are unaffected by assorta-
tive mating. We present the additive genetic contribu-
tion to the covariances between relatives.

Full-sibs

The phenotypic values of sibs 1 and 2 are X*, Y*, X*
and Y®, and let EX, EY', E¥, E¥ be environmental ef-
fects affecting sib records. Using (1)

Cov(X™, X™)

=Cov(3 AR+ 3 AR + ex+ E¥, T AR+ 2 AR + e'x + E¥)
=1 Var} + 1 Cov(A%, AR, (31
as the segregation residuals ex and e% are independent-
ly distributed. The variables A%, AR can be replaced

by their expectations conditional on the sire and dam’s
phenotypes so

Cov(Ak, AR) = Cov[Ag(X® - ux), Az (X® — ix)]

=hZoVark. (32)
Hence, (31) becomes
Cov(X™, X =3 VarX (1 + 0 h3). (33)
Similarly,

Cov(X™, Y®)

=Cov[Z AR +3 AR +ex + E¥, 2 A} + 2 AP+ey+EY]
=1Covk¥ +1[Cov(Af, AD) + Cov(AR, AD)]. (34
Replacing AS, AR AR, A$ by their conditional means

Cov[A%, AY] = Cov[AR, Af] = h Covi¥ o, (35)
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and using (35) in (34)

Cov(X™, Y% =1 Covi¥(1 + o h§). (36)
Also,

Cov(Y™, Y™ = Cov( A} + 5 AY + ey + Ev,
LAS+ 1A +ey +EP) =3 Vari(1 + 2 hio). (37)

Half-sibs
The notation is as before, with o, and o, denoting the
half-sibs in question, and D, and D, indicating their
unrelated dams. The following covariances are con-
sidered: Cov(X®, X*), Cov(X™, Y*) = Cov(X™, Y™),
and Cov (Y™, Y).
First
Cov (X, X%)
—Cov[2 AS+1 AR +ex + EY, 2 AS+2 A +ek+EX].
(38)
Then
Cov(X™, X*) =3 Vark + 1 [Cov(AS, AX?
+Cov(AR, AD + Cov(AR, AR)]. (39)
In the conditional distribution, EAZ|X%=0*(X5~ux),
and E(Ax' | X5) = hf o(X® — ux), for i=1,2. Replac-
ing random variables by their conditional expectations
Cov(X™, X" = Varx + 3 6% o Vark + 1 £ ¢® Vark
= Var¥[1 + g o2 + 9)]. (40)

The contribution of the additive genetic variance is
identical to the result obtained by Latter (1965) but
differs from the one presented by Bulmer (1980).

The second covariance of interest is

Cov(X™, Y?) =1 Covi'[l + hfo(2 + 0)]. (41)
Finally,

Cov(Y™, Y*?) =5 Vari[l + 0* At o2 + 0)]. (42)
Offspring-Parent

The covariances of interest are Cov(X%X%), Cov(X°,Y®)
Cov(Y®, X5) and Cov(Y®, Y®); the superscripts o and S
indicate offspring and sire, respectively. First, we have

Cov(X% X%) = Cov(2 A + 1 AR + ex + E%, X%)
=2 Cov[hZ—px), X3]+3 Cov [AF (X" - ux), X3
=1 Varx(1 +0). (43)
Similarly
Cov(X°, YS) = Cov(2 AS + 2 AR + ex + E%, YD)
Covi¥+ 1 Cov[h*(X® - ux), C‘;):r’:’ (X3 - px)]

(Covi¥ + b o Covxy) (44)

It

Ii

[ [ YT
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where Varyx and Covyy are the equilibrium phenotypic
variance and covariance, respectively. Also

Cov (Y°, X%) =Cov (3 Ay + 3 A} + ey + Ey, X5)
_1 VBXBY&X‘A’Y(XS—ﬂx)
—gCOV 5

ox

XS}

0 hx by 65 &y (XP —
+%COV" XBY 0xi7'§(x /lX) ,XS]

ax

=1 Cov¥"(1+9). (45)
The fourth covariance of interest is

Cov (Y, Y®) =Cov[3 A¥ + 3 AV + ey + B¢, Y]

) 0 fhix By &x 6
=%Var§+%Cov[—L&2m(XD—ux),
X
0hy by 6x 6
SO (XS )| (46)
ox
=%Var}((l +0%0h3). (47

Grand-Offspring-Grand-Parent

The variables X° and Y° denote phenotypic values in
the grandoffspring and X~, Y~ refer to measurements
in the grandparent. The covariances of interest
are Cov (X% XY), Cov (X% YY), Cov(Y’X"Y) and
Cov (Y°, Y™M).

Consider first

Cov(X% X™) = Cov(3 AR + 3 AR + ex + B%, X™)

=1 [Cov(A%, XY) + Cov(AR, XM]. (48)
Now

Cov (A)S(, XN = Cov (% AY + % A;I‘é + ek, XY
=1 (Cov [AF (XN —ux), XV
+ Cov [AE (XY= ux), XN
=%\7ar§(l +0) (49)
where N is the other parent of S. Furthermore,

Cov(AR, XY) = Cov[o hE (X3 —ux), X

=3 VarX(l + o) e A%, (50)
which follows from (43). Using (49) and (50) in (48)
Cov(X°, XNy =1 Vark(1 +0) (1 +0h%) . (51)

The second function of interest is
Cov(X°, YY) =Cov(3 AR+ 1 AR + ex +E%, YY) . (52)

Replacing the A’s by their expectations conditional on
the X values, it can be shown that

Cov(A%, YN) =1 6x oy (A hx by + ro hE) (53)
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where r is the phenotypic correlation between X and Y.

Likewise

Cov (AR, YY) = h 0 Cov(X5, YY) (54)
=105 0(0hy hy &x &y + hi o1 6x 8y)

following from (44). Using (53) and (54) in (52)

Cov(X*, YY) =2 o5 oy (O hx by +10hF) (1 + 0h3).
(55)
The third covariance is

Cov(Y’, X™) =Cov(3 A¥ + 2 AY + ey + E§, X™) . (56)

It can be shown that

Cov(A}, X¥) =1 Covi¥ (1 + o) (57)

and

Cov (AT, XM =2 Covi  ohx(1 +0). (58)

Hence, (56) becomes

Cov (Y, XM =1 Covi¥(1+0) (1 +0h%). (59)
Finally,

Cov (Y°, YY) =Cov (3 A} + T AV + ey + E2, YY), (60)
Now

Cov (A}, YY) =263 (hf+0hxhyro). (61)
Likewise

Cov(AY, YY) =16t hfo(hi 0> +0hxfivrg).  (62)
Collecting (61) and (62) in (60) one obtains

Cov (Y°, Y™
=165 [(AF(1+0°h% 0) + Ghx hyro(1+ hE 9)] (63)

which yields the usual result for the grandoffspring-
grandparent covariance under random mating by lett-
ing o=0.
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